We show how the concurrent implementation of the exact solutions of the Einstein equations, of the equations of motion of the test particles, and of the relativistic estimate of the emission of gravitational waves from test particles, can establish a priori constraints on the possible phenomena occurring in Nature. Two examples of test particles starting at infinite distance or from finite distance in a circular orbit around a Kerr black hole are considered: the first leads to a well defined gravitational wave burst the second to a smooth merging into the black hole. This analysis is necessary for the study of the waveforms in merging binary systems.
I. INTRODUCTION
The field of relativistic astrophysics has been flourished taking advantage on the developments in the physics of neutron stars and of black holes thanks to the discovery of quasars [1] , of pulsars [2] , of binary X-ray sources [3] [4] [5] , of gravitational waves from binary neutron stars [6, 7] , and of gamma-ray bursts [8] .
From the above experience one can recognize two crucial aspects of an experimental discovery: 1) the reproducibility of the experimental data and 2) the consistency of the data with the physical laws and the theoretical treatment. In view of the recent boosted interest on gravitational waves due to claimed "observation of gravitational waves from a binary black hole merger" by the LIGO-Virgo Collaboration [9] [10] [11] , we focus here on the second aspect and consider some theoretical issues concerning the gravitational-wave emission of a merging black-hole binary that in our opinion deserve attention.
We limit ourselves to the case of perturbations in the strong-field limit. We are going to neglect all postNewtonian approaches to this problem (see Sec. IV for a brief discussion on this issue). Two idealized processes have been introduced in the strong-field limit to describe the motion of a test particle plunging, following a geodesic, into the field of an already formed black hole. The first case is the one of a particle initially at rest or with a finite kinetic energy plunging from infinite distance. The second is the one of a particle initially in circular orbit and finally merging into a black hole. Both the Schwarzschild metric and the Kerr metric for a black hole have been considered. This transition from the Schwarzschild to the Kerr case has been addressed for almost 50 years. Broadly speaking, all particles starting from infinite distance give rise to "a precursor, a main burst and a ringing tail ". A finite energy emission occurs, ∆E = ηµ(µ/M ), where µ and M are the particle and black-hole mass, with η ranging from 0.01 to almost 1 in the fully general relativistic treatment, as a function * jose.rodriguez@icranet.org;jorge.rueda@icra.it;ruffini@icra.it of the nature of the black hole and of the initial energy and angular momentum of the particle. We use throughout geometric units with c = G = 1.
Circular orbits are equally interesting. It has been relevant the introduction of the "effective potential technique" for the understanding of the general properties of these geodesics, ranging from infinite distance all the way to the last circular orbit (hereafter LCO), as well as the approach to the black-hole horizon. Since unstable orbits are not physically relevant, i.e. they are not realizable in nature, we refer to as circular orbits the only ones that can exist, namely the stable ones. The LCO follows then the traditional definition [12] , quoted in [13] (problem 2 of $104), as the inflection point of the effective potential (see Sec. III) and it is the circular orbit closest to the black-hole horizon.
As we are going to show in this article, the gravitational-wave emission leads to a "helicoidal drifting sequence" (hereafter HDS) of orbits around the Kerr black hole, giving rise to a smooth transition to the plunging phase into the black hole without a final burst. We have recently used the treatment presented in this work to perform a comparison of numerical relativity binary black-hole merger waveforms of the SXS catalog [14] with HDS waveforms up to the LCO [15] . We have found, until the LCO, an unexpected and yet theoretically unexplained agreement, between both waveforms in the comparable-mass regime for spinless, aligned as well as anti-aligned merging black-hole binaries, for equal and unequal values of the binary mass-ratio.
Concerning the plunge phase, we show here that our results differ with the ones in the literature, e.g. Ref. [16] , that show a larger amount of energy radiated in gravitational waves during the plunge into the black hole. A comparable energetic plunge leading to a burst of radiation in the black hole binary merger appears also in the numerical-relativity waveforms of the SXS catalog [14] . Such a feature is also found in the binary coalescence process modeled via the effective one-body (EOB) formalism [17] which adopts a treatment as the one in [16] for the plunge phase (see Ref. [18] for details). In view of the large use of these waveforms by the LIGO-Virgo ColarXiv:1706.06440v2 [gr-qc] 20 Mar 2018 laboration for the binary parameter estimation, see e.g. the case of the GW150914 event [9] , these results are far from being just an academic exercise. In this line it is also important to recall a most important recent result of an independent analysis of GW150914 that shows the incompatibility of the LIGO-Virgo data with the presence of such a burst, in clear contrast with the currently used waveform templates (see, e.g., Figs. 5 and 10 in Ref. [19] and also Refs. [20] [21] [22] , for further details).
The article is organized as follows. We recall in Sec. II the main results on the gravitational-wave emission of particles falling into a black hole from infinite distance. In Sec. III we recall the results on the case of circular orbits without taking into account radiation reaction and show the gravitational-wave energy and angular momentum flux at infinity, following the Sasaki-Nakamura method. Section IV is devoted to the formulation of the equations of motion of the HDS of the test particle, taking into account the radiation reaction. In Sec. V we discuss the numerical results for specific examples of the evolution up to the passage of the particle at the location of the LCO. In Sec. VI we discuss the plunging of the particle into the black hole. We explicitly show the incongruence of some results in the literature (see e.g. Ref. [16] ). Finally, we present in Sec. VI our conclusions.
II. INFALL OF A TEST PARTICLE INTO A BLACK HOLE STARTING AT INFINITE DISTANCE
That gravitational radiation can be emitted by a test particle falling radially into a Schwarzschild black hole was shown in a simple computation assuming that the particle follows a geodesic and describing the radiation in flat spacetime in a linearized theory [23] (see also Ref. [24] ). Both an estimate of the energy emitted, ∆E = 0.0025µ(µ/M ), and of the gravitational-wave spectrum were there presented. In [25, 26] it was introduced a mathematically more advanced treatment using the decomposition of the perturbation into the tensorial spherical harmonics [27] reaching a second-order linear equations: the Zerilli equation.
The numerical integration of this equation by the Green-function technique in [28] led to an improvement by a factor of 6 the previous estimate in [23] and by a factor of 4 the one in [25, 26] . It also allowed the determination of the multipole components of the spectrum. This, in turn, allowed soon after the derivation of the associated gravitational-wave pulse composed with three components, "a precursor, a main burst and a ringing tail " (see Fig. 1 in Ref. [29] ). Still using the Regge-Wheeler-Zerilli approach, in [30] it was studied the gravitational-wave radiation by a particle projected from infinity with finite kinetic energy into a Schwarzschild black hole. It was found a difference in the spectrum in the low-frequency region and a larger amount of radiation emitted by increasing the Lorentz gamma-factor of the injected particle.
To these works a vast activity followed, on one side the extension of the Ruffini-Wheeler formulation of a particle thrust into a Schwarzschild black hole [31] , and showing a corresponding increase of the burst structure. On other side, a "long march" started following a pioneering work [32] , which allowed to extend the above considerations to be extended to the case of particles, still starting at infinite distance, and now moving in the field of a Kerr black hole. A first step was initiated in [33] by analyzing a particle plunging with finite angular momentum in the field of a Schwarzschild black hole. This work was based on techniques introduced by Teukolsky and further elaborated [34] . In [33] it was shown that the energy emitted may be enhanced by a factor of 50 with respect to the radial infall. They confirmed that the gravitational-wave burst was still composed of the above three components. The further development needed a fundamental progress in the perturbation technique introduced in [35, 36] . By introducing a change of variable in the Teukolsky radial equation in order to have a short-range potential, they produced an entire family of new results. Among these, the gravitational emission of a test particle infalling along the rotational axis of an almost extreme Kerr black hole with spin parameter a/M = 0.99 ( 0 ≤ a ≡ J BH /M ≤ 1, where J BH and M are, respectively, the black-hole angular momentum and mass), obtaining a new multipole distribution of the radiation closely following the above three components, and the total energy radiated 0.0170µ(µ/M ), i.e. a factor 1.65 larger than the energy radiated found in [28] . A second important step was made in [37] by studying the gravitational waves from a particle with non-zero orbital angular momentum plunging on the equatorial plane of a Kerr black hole, and proving that the energy radiated, for a Kerr black hole of a/M ∼ 1, could reach the limiting case ∆E ∼ µ(µ/M ). We shall come back to this point in Sec. VI where the transition of a particle from the inspiral, quasi-circular phase, to the final plunge into the black hole, is analyzed. We shall estimate the amount of energy radiated to infinity in such a transition and compare with some existent treatment in the literature, e.g. the one in [16] .
In conclusion, all particles plunging or thrusting from infinite distance into both a Schwarzschild and a Kerr black hole, present a characteristic burst composed of "a precursor, a main burst and a ringing tail ".
III. THE CASE OF CIRCULAR ORBITS AROUND THE BLACK HOLE
The first analysis for a relativistic treatment for the radiation in circular orbit around a Schwarzschild black hole was motivated by the declaration in [38] of the discovery of gravitational waves and, by the contention of their explanation in terms of synchrotron gravitational radiation [39] (see also Ref. [40] ). For this reason, the multipole modes of gravitational radiation by a particle moving in a circular orbit was studied [41] and it was found that the enhancement of high-multipoles, indicated in Ref. [39] , does not exist and consequently that no synchrotron gravitational radiation can occur.
Paradoxically, this treatment of circular orbits in the Schwarzschild metric was reproduced, without due reference in [42] , and also in [43] who used as the "exact result" over which construct their model connecting the post-Newtonian treatment to the strong-field regime. The extension of this treatment for eccentric orbits can be found in Ref. [44] .
The problem of circular orbits in the field of a Kerr black hole was formulated in [45] formulated. The fundamental works [46, 47] treat the same physical problem but within the Sasaki-Nakamura treatment.
We compare and contrast here the results in the Schwarzschild metric [41] with the ones developed in the Kerr metric. It is appropriate to clarify that the considerations in this section do address the gravitational energy emitted by a circular orbit, initially neglecting all effects of radiation reaction. Therefore, we consider idealized circular orbits on the equatorial plane, at constant radii, including the LCO, originally introduced in [12] in the analysis of the radial effective potential. We recall its expression [12] (reproduced in [24] ):
which leads to a radial equation of motion
where ≡ E/µ and l ≡ L/µ are the particle's energy and angular momentum per unit mass, and τ is the proper time.
We are here interested in corotating circular orbits (obtained from the conditions dr/dτ = 0 and ∂V eff /∂r = 0), which have energy and orbital angular momentum given by [12, 24] 
The LCO is given by the inflection point of the effective potential, i.e. the radius for which ∂ 2 V eff /∂r 2 = 0. In the case of a/M = 0 (Schwarzschild metric), it is located at r LCO = 6M and E LCO /µ = 2 √ 2/3 and L LCO /(µM ) = 2 √ 3. In the case of an extreme Kerr black hole, a/M = 1, the LCO is located very close (but not coincident) to the black-hole horizon, i.e. r LCO → r + where r + = M , and E LCO /µ = √ 3/3 and L LCO /(µM ) = 2 √ 3/3. Namely, for an extreme black hole there exist circular orbits up to very close to the black-hole horizon (see e.g. Ref. [48] for additional details). Now we turn to the calculation of the energy and momentum fluxes, it can be done by using standard metric perturbation theory, e.g. the pioneering work of ReggeWheeler for perturbations in the Schwarzschild spacetime. However, there is an alternative approach developed by Teukolsky, involving curvature perturbations instead of metric perturbations in which the scalar, vector and tensor perturbations are governed by a single master equation. The master equation can be separated and the solution is an expansion in fourier and spheroidal harmonic modes [32, 49, 50] . Unfortunately, the Teukolsky radial equation has a long-range potential and its numerical integration with boundary conditions is difficult. In [35, 36] it was found a change of variables that introduces a short-range and well-behaved potential U (r). The Sasaki-Nakamura equation is:
Details on the functions F , U and S lmω and their numerical solution can be found in [35] (see, also [51, 52] ). The task is accomplished by first solving numerically the Eq. (5) with the suitable boundary conditions, and then inverting the transformation to find the original radial function. The solution of the Eq. (5) is obtained by using the Green's function technique for boundary value problems. The two solutions of the homogeneous SasakiNakamura equation are X H lmω , which satisfies the boundary condition of in-going radiation at the outer horizon, and X ∞ lmω which satisfies the boundary condition of outgoing radiation at ∞.
In the case of circular orbits, the energy and angular momentum fluxes carried by the gravitational waves to infinity are given by
where ω m = mΩ, and Z H lmω is a complex number which depends on the orbital frequency Ω and it is obtained from the solution X H lmω , see Ref. [51] for the explicit expression. To summarize, all that is needed to find the fluxes at infinity are the complex numbers Z H lmω . Without introducing further technical details which can be found in all the aforementioned references, we turn now to present the numerical results. Fig. 1 shows the total energy flux dE/dt for selected values of the black-hole dimensionless spin.
We show also in Fig. 1 the contribution of the gravitational-wave modes l ≥ 2 to the total gravitationalwave energy flux at infinity. We explicitly show that enhancement of higher multipoles does not occur either in the case of the Kerr metric, where also the quadrupole contribution is largely predominant. No synchrotron gravitational radiation can occur either in the Schwarzschild or the Kerr case. The contribution of higher multipoles becomes relevant only for near-horizon orbits around nearly extremal black holes [53] .
IV. HELICOIDAL DRIFTING SEQUENCE
The Hamiltonian of the test particle of mass µ in the field of the Kerr black hole of mass M is given by (see e.g. Ref. [54] , and references therein)
where
Here Latin index stands for the spatial Boyer-Lindquist coordinates (r, θ, φ), p r and p φ are, respectively, the radial and the angular momentum of the particle.
The Hamilton canonical equations for a test particle on the equatorial plane θ = π/2 under the action of radial and azimuthal dissipative effects can then be written as
We consider here only the non-conservative part of the radiation-reaction force (see e.g. Ref. [55] for a review on the subject), so we adopt for the radial and azimuthal non-conservative radiation-reaction forces:
where J is the angular momentum carried out to infinity by the gravitational waves given by Eq. (7). The assumption (13) is supported from previous results that show that the linear momentum carried out by the waves to infinity satisfies [56] dp GW r dt ∂H ∂r .
We recall that for purely quadrupolar waves in strict circular orbit the following equality is satisfied:
However, since we have the presence of the radial drift and a small contribution of higher order multipoles, the above equality must not be strictly satisfied (see Eqs. 6-7). We have checked from our numerical computations that |1 − Ω(dJ/dt)/(dE/dt)| ∼ 10 −6 during the evolution. The smallness of this value imply that the motion is indeed quasi-circular, but it is sufficiently large (with respect to the numerical precision of our calculations) to conclude that the equality (16) is not verified in the HDS evolution, as expected.
It has been traditional to treat the HDS evolution using the so-called adiabatic approximation by assuming that the particle moves from a circular orbit to the next (see, e.g., Ref. [57, 58] ),due to the energy and angular momentum radiation. For example, since the energy can be expressed in terms of r, a change in the energy induces a change in r. Thus, it can be found a dynamical equation for r by differentiating (3) and equating it to the gravitational energy flux. The evolution is found by integrating this equation instead of solving the equations of motion (9)- (12) . This approximation, although sufficient to estimate some general properties of the quasi-circular evolution, lacks an appropriate inclusion of the non-zero radial motion of the particle in the equations of motion. As we shall show below, this radial drift becomes essential to have the correct initial conditions for the computation of the evolution of the particle beyond the HDS in the final plunge to the black hole. When the radial momentum is properly included, the LCO location does not represent any longer a point where the equations of motion break down. Indeed, the conditions of "adiabaticity" are kept up to such distances (see Fig. 4 and related discussion in Sec. V).
It is appropriate to recall at this point some other treatments in the literature on the problem of a binary system with a test particle component evolving under the gravitational-wave emission. In [17] it was proposed the EOB approximation to overcome the known problem of the non-convergence of the higher-order post-Newtonian successive approximations. The EOB treatment "maps" the post-Newtonian binary into a "Schwarzschild deformed metric" which depends on the mass-ratio. In the extreme mass-ratio limit µ/M → 0, the metric becomes the Schwarzschild one and the dynamics becomes the one of a test particle around a Schwarzschild black hole. However, the treatment of the waveform and/or the gravitational-wave fluxes stands on a post-Newtonian basis. The Kerr black-hole metric in the EOB treatment has been used to treat spinning merging components [59] . However, also that EOB treatment is based on a post-Newtonian treatment for the waveforms and/or fluxes. Thus although "calibrated" to fit strong-field results, the EOB approach remains conditioned by the nonconvergence of the post-Newtonian formalism.
The set of equations of motion (9-12) was first used in [60] also using the radiation-reaction term obtained from the numerical solution of the Teukolsky equation for circular orbits. However, they analyze the case of intermediate mass-ratios with the conservative dynamics given by the aforementioned EOB treatment.
There has been also introduced a different method to compute the evolution of accelerated orbits that is based on linking one reference geodesic to the next by describing changes in the orbital "constants" of motion [61] . Such reference geodesics, called "osculating orbits", with a planar force have been applied to the inspiral of a particle in the Schwarzschild background in [61] and in the Kerr background in [62] . Since we do not include here the radial velocity in the calculation of the gravitationalwave flux driving the inspiral, namely we use the one of an exact circular geodesic orbit, our scheme and the osculating orbits one become equivalent under these assumptions. However, we here use the fully relativistic gravitational-wave flux instead of a post-Newtonian as in [61] .
It has been also often applied the "adiabatic" approximation (see e.g. Ref. [16] ) in which the inspiral motion of the test particle is modeled by connecting one real (i.e. not osculating) circular geodesic to the next by using flux-balance, i.e. dr/dt = (dr/dE)(dE/dt), with E the energy of the particle in the circular orbit around the black hole (see Eq. 3). However, such an adiabatic approximation breaks down near the location of the LCO and thus needs the introduction of a separate treatment of the transition from the inspiral to the plunge phase (see Ref. [57, 58] and Sec. V for details).
More recently, the problem of a test particle inspiraling into a Kerr black hole was treated [63] in a similar way as we do here but with a drawback. The gravitational-wave flux was there adopted after the LCO as given by the Teukolsky equation integrated for the unstable circular orbits up to the light ring.
On the other hand, full numerical-relativity simulations are available only for relatively large mass-ratios 1/10 as it can be seen from the SXS catalog [14] of binary black-hole merger simulations performed with the Spectral Einstein Code (SpEC). Therefore, it is not currently possible to perform a one-to-one comparison between numerical-relativity simulations and the testparticle treatment. However, we have recently performed a comparison of the SXS waveforms with the ones obtained for the HDS dynamics described in the present article, in the comparable-mass regime [15] . Unexpectedly, we have found a great agreement of both waveforms for spinless, as well as for aligned and anti-aligned merging black hole binaries, for equal and unequal values of the binary mass-ratio.
V. NUMERICAL RESULTS
We integrate Eqs. (9)- (12) numerically with given initial conditions appropriate for quasi-circular orbits on the equatorial plane. At the initial time t 0 = 0 we set the system at an initial distance r 0 , the initial phase is φ(t 0 , r 0 ) = 0. The angular momentum is p φ (t 0 , r 0 ) = L 0 , where L 0 ≡ L(r 0 ) is given by Eq. (4). The initial condition for the radial momentum can be obtained from the equations of motion as follows. The radiative force induces a radial velocity dp φ dt t0,r0 = dp φ dr dr dt t0,r0 = F nc φ r0
.
The non-zero radial velocity is related to p r via Eq. (9) which when introduced into the above expression leads to a non-linear algebraic equation for p r | r0 . Such equation can be solved numerically given all the above conditions and, at leading order, it can be solved analytically giving rise to: This initial radial velocity condition, if given at a large enough value of r 0 , reduces to one of the "adiabatic" approximation. First, from Eqs. (17) and (14), we have that dr/dt = −(dJ/dt)/(dp φ /dr). As we have mentioned, the property of a strict circular orbit, namely Eq. (16), is satisfied in our system by one part in a million, therefore the condition dr/dt = −(1/Ω)(dE/dt)/(dp φ /dr) is approximately satisfied with the same accuracy. Now, by replacing Ω via Eq. (10), we finally obtain dr/dt = (dE/dt)/(dE/dr), which is the flux-balance condition of the adiabatic approximation, adopted e.g. in [16] . Figure 2 shows the ratio of the radial momentum, p r , to the angular momentum per unit mass, j ≡ p φ /µ, during the HDS obtained for the afore-mentioned initial conditions. It can be seen how the importance of the radial momentum increases for shorter and shorter distances and is specially non-negligible near the location of the LCO. In this example, p r becomes ∼ 4% of the angular momentum per unit mass. Fig. 3 shows the dimensionless radial position, r/M , and dimensionless orbital angular velocity, ΩM , as a function of dimensionless time, t/M . This plot shows the above quantities up to the LCO. The evolution in the final plunge into the black hole is discussed in the next section. The sharp decrease (increase) of r (Ω) with time near the location of the LCO suggests that the "adiabaticity" of the system might be loose at such distance. The system can be considered to evolve adiabatically if the orbital to radiation-reaction timescale ratio is much smaller than unity. Following [64] , we can define T orb /T rad in terms of the tangential to radial velocity ratio, namely T orb /T rad = |ṙ|/(rΩ). Since this ratio increases for decreasing values of r, it reaches its largest value during the HDS at the location of the LCO. We show in Fig. 4 the above ratio evaluated at the location of the LCO, for selected values of µ/M 0 and selected blackhole spin parameters. It can be seen that for the current example with a/M = 0.9, we have T orb /T rad ∼ 0.02 at r LCO /M = 2.32. Figure 5 shows the trajectory of the test particle in the HDS around a Schwarzschild black hole, a/M = 0 (left panel) and around a Kerr black hole with a/M = 0.5 (center panel) and with a/M = 0.9 (right panel). In this figure the red part of the trajectory goes from r = 7M up to the location of the corresponding LCO (marked with a gray-dashed circle). The light-green color indicates the plunge regime discussed in the next section. The blackhole horizon is indicated with a black-dashed circle.
VI. PLUNGE INTO THE BLACK HOLE
We consider now the evolution of the particle after reaching the LCO, namely the plunge of the particle into the black hole. A physical insight of this process can be Orbital to radiation-reaction timescale ratio T orb /T rad = |ṙ|/(rΩ) evaluated at the location of the LCO, for selected mass-ratios and selected values of the black-hole spin parameter.
obtained from the radial effective potential (1). Figure 6 compares and contrasts V eff as a function of r/M in the case of a/M = 0 (Schwarzschild black hole) and a/M = 0.9, for three selected values of the orbital angular momentum of the particle, L: one larger, one equal, and one smaller than the value of the angular momentum at the LCO, L LCO .
For L > L LCO , a small decrease in L due to the gravitational-wave radiation makes the particle to change from one minimum to the next, namely it goes from a circular orbit to the next one of smaller radius. At L = L LCO the particle reaches the LCO and, for L < L LCO , the effective potential has no minima, namely no circular orbits exist and the particle fall into the black hole.
In the realistic situation of the HDS shown in the previous section, the full numerical integration of the particle equations of motion shows that, indeed, when the particle passes the location of the LCO, it possesses a large radial momentum (see Fig. 2 ) and an angular momentum L < L LCO , so it continues its infall towards the black hole, smoothly, without any further radiation loss. Fig. 6 shows that the plunge to the black hole is markedly different for Schwarzschild and Kerr black holes: while the effective potential for L = L LCO is zero at the horizon in the Schwarzschild case, it reaches a finite, non-zero value for the Kerr metric. The flatness of the particle effective potential from the LCO to the horizon in the case of Kerr black holes implies that very little amount of energy and angular momentum can be radiated out to infinity during the plunge from the LCO to the black-hole horizon. This can be also understood from the fact that, due to the frame-dragging effect, the particle is forced to approach the Kerr black-hole horizon tidally locked, hence it approaches the black hole with non-zero angular momentum. All these features are confirmed by our numerical integration (see below).
The plunge is geodesic thus we integrate the equations of motion in this part of its evolution in absence of energy and momentum losses, namely integrating Eqs. (9)- (12) with F nc r = 0 and F nc φ = 0. It is important to mention that in order to approach the horizon we use the momentum p r * , conjugate of the tortoise radial coordinate r * defined by dr * /dr = (r 2 +a 2 )/(r 2 −2M r +a 2 ), instead of the radial momentum, p r . Fig. 5 shows the full evolution of the test particle until it reaches the black-hole horizon, for three selected cases: a/M = 0, 0.5, 0.9. The blue part of the trajectory corresponds to the HDS evolution up to the passage of the particle at the location of the LCO (marked with the gray-dashed circle). The orange part of the trajectory corresponds to the final plunge into the black-hole horizon (marked with the black-dashed circle).
We show in Fig. 7 the angular velocity of the particle during this phase where it corotates and, as it approaches the horizon, it approaches tidal locking to the black hole. We recall that the angular velocity of the black-hole horizon is given by Ω + = a/(r 2 + + a 2 ) [65] ,
is the black hole outer horizon radius. Figure 8 shows the evolution during the final plunge phase of the energy, and the radial and the angular momentum of the particle. It can be seen that both energy and angular momentum are conserved, and the difference in effective potential between the LCO and the horizon (see Fig. 6 ) is fully converted into the particle infalling kinetic energy. We can see that for non-zero black hole rotation, in agreement with the effective potential shown in Fig. 6 , such a difference is smaller and thus the particle approaches the horizon with lower radial velocity with respect to the Schwarzschild case, in which the particle approaches the horizon with a radial velocity approaching the speed of light. We have also included the radial position from which it can be seen the particle's approach to the horizon.
We can now compare and contrast our results with the ones obtained by different treatments of the "transition from inspiral to plunge" in the literature, in particular with the one in [16] . They derived simplified approximate equations of motion and corresponding semianalytic solutions by performing Taylor expansions of the energy and angular momentum of the particle around the LCO values, E LCO and L LCO , and thus deriving an approximate effective potential. Both the angular velocity of the particle and the energy radiated in gravitational waves are assumed equal to the LCO values around the LCO. The boundary conditions are there set by imposing that the solution matches, before the LCO the adiabatic motion, and after the LCO a fully geodesic (i.e. nonradiative) plunge. With all the above they obtained semianalytic formulas for the particle energy and angularmomentum in the final plunge phase, E f and L f , there expressed as "deficits" with respect to the LCO values, i.e. their Eq. (3.26) give the differences
which are both negative. Namely they evaluate thorough the above differences the deviation of the particle's motion from the strict circular adiabatic one. Although we agree with their general qualitative picture, it can be checked using their Eq. (3.26) and Table I , that their above "deficits" are much bigger than the ones we obtain by the full numerical integration of the HDS equations of motion. Figure 9 compares and contrasts, for the case of a particle falling into a Kerr black hole with spin parameter a/M = 0.9, the particle radial trajectory, near the loca- tion of the LCO, derived from the treatment in [16] with the one of our present HDS approach. It can be seen that the two solutions converge at a large distance from the black hole. This indicates, as we have explained in Sec. V, that these two solutions satisfy the same initial condition set by the adiabatic approximation.
We show in Fig. 10 a comparison , for the case a/M = 0.9 and as a function of the mass-ratio µ/M , of the energy and angular momentum "deficits" ∆E and ∆L obtained from our HDS, i.e. adopting E f ≡ H(t plunge ) and L f = p φ (t plunge ), with the ones given by semi-analytic The mass-ratio is µ/M = 1/100. We show the particle radial position, r/M (dotted-red), dimensionless angular momentum, P φ /(µM ) = p φ /M (dashed-blue curve), dimensionless radial momentum, −pr * (dot-dashed green), and the dimensionless energy, H/µ (solid black). The time t plunge is here defined as the time of the passage of the particle at the location of the LCO. Comparison between the results of the transition from inspiral to plunge in [16] and in our present HDS approach, in the case of a particle falling into a Kerr black hole with spin parameter a/M = 0.9. The variable X is normalized difference between the radial (Boyer-Lindquist) position of the particle and the LCO. The variable T is the normalized proper time shifted so that T = 0 when r = rLCO for the adiabatic trajectory. The details on the normalization can be found in [16] . It can be seen that near the LCO, i.e. around X = 0 and T < 0, the two trajectories are similar, but the farther from T > 0 the more separated they become. Clearly, this is consistent with the expansion of the effective potential around the LCO which is expected to be valid only near X = T = 0. The vertical dashed line corresponds to t plunge in our present HDS approach, which in these units is T ≈ 1.
formulas (3.26) of Ref. [16] . We recall that we define the time t plunge as the time at which there is the passage of the test particle at the location of the LCO. We recall that for a/M = 0.9, the energy and angular momentum of the LCO are, respectively, E LCO /µ = 0.84425 and L LCO /(µM ) = 2.09978.
The above implies a larger amount of gravitational radiation in the treatment of Ref. [16] . Possibly, the main reason for this additional gravitational-wave emission is their assumption of keeping the particle radiating waves at the rate of the LCO (which is the highest one of all circular orbits; see Fig. 1 ), before and well after crossing it. We found that extrapolation of such an approximation much beyond the LCO is what causes a larger discrepancy with our results. It is clear that such extra radiation is needed under the assumption of strict circular orbits since, in absence of such a radiation, there is no reason for the particle to plunge into the black hole because the LCO is a stable orbit. When the radial drift is considered, as in the HDS, there is an increasing contribution of the radial momentum (see Figs. 2 and 8 ) that modifies the particle's effective potential. In this context the LCO does not play any special role and only assists to the passage of the plunging particle in view of the acquired radial momentum. This can be also appreciated from Fig. 9 . As a result, we expect that in the HDS the test particle smoothly falls into the Kerr black hole with a negligible gravitational-wave emission. The only radiation comes from the non-circular plunge trajectory followed by the particle (e.g. the orange-color trajectories in Fig. 5 ) which must be much smaller than the one emitted by the test particle per orbit at the LCO. This explains the additional gravitational-wave radiation obtained in [16] with respect to our results.
We turn now to evaluate the consequences of the differences in the amount of gravitational radiation emitted in the in the estimate of the mass of the final black hole. The latter can be estimated as
where M is the total mass of the merging black-hole binary and E f the final energy of the test particle. Thus, one can write the energy radiated as
where ∆E ad ≡ E LCO − µ is the energy radiated up to the location of the LCO within the adiabatic, strict circular motion approximation, and ∆E is the energy "deficit" with respect to such an approximation as defined in Eq. (19) . It can be checked that, for instance in the case of an equal-mass binary, the contribution of ∆E to M f (in the a/M = 0.9 case under examination) is about 10%, while in our HDS case it is only about 1% (see Fig. 10 ). This additional amount of gravitational radiation of the treatment in [16] will lead to a more energetic gravitational waveform in the final merging phase. It is interesting that a similarly energetic plunge leading to a burst of radiation in the black-hole binary merger appears in the numerical-relativity waveforms of the SXS catalog [14] . Such a feature is also found in the binary mergers modeled via the EOB formalism [17] which adopts a treatment as the one in [16] for the plunge phase (see Ref. [18] for details). Therefore, the above discrepancy between the HDS treatment and the one of Ref. [16] acquires relevance in view of the large use, by the LIGO-Virgo Collaboration, of the above waveforms with such a burst structure in the merger for the binary parameter estimation (see e.g. [9] for the case of the event GW150914). In this line it is most important to recall the recent result of an independent analysis of the GW150914 event that shows the incompatibility of the LIGO-Virgo data with the presence of the aforementioned gravitationalradiation burst, in clear contrast with the currently used waveform templates (see Figs. 5 and 10 in Ref. [19] and also Refs. [20] [21] [22] , for further details).
We assess now the dependence of the radiated energy and angular momentum on the mass-ratio, µ/M . For a given a black-hole spin parameter, the semianalytic treatment of Ref. [16] predicts that the abovedefined energy and angular momentum "deficits" scale with the mass-ratio as |∆E| OT /µ ∝ (µ/M ) 4/5 and |∆L| OT /(µM ) ∝ (µ/M ) 4/5 . We find from our numerical computations that, approximately, ∆E HDS /µ ∝ (µ/M ) 0.72 and ∆L HDS /(µM ) ∝ (µ/M ) 0.81 . The different scaling with the mass-ratio for the energy and angular momentum radiated within the HDS treatment implies that the ratio ∆E/∆L depends on the mass-ratio. This is consistent with the fact that the particle in the HDS case does not follow strict circular orbits, as in the case of Ref. [16] . For strict circular orbits, the energy to angular momentum ratio gives, at any radius, the value of the particle's angular velocity which depends only on the black-hole spin. Figure 10 shows explicitly these differences.
It is interesting at this point to compare and contrast the energy radiated predicted by the above models with the one declared in numerical-relativity simulations. Such a comparison can be done only in the comparable mass regime since no numerical-relativity simulations and as a function of the mass-ratio µ/M , of the quantities E f − ELCO and L f − LLCO obtained from our HDS, i.e. with E f ≡ H(t plunge ) and L f = p φ (t plunge ), with respect to the semi-analytic formulas (3.26) in Ref. [16] (indicated with the subscript OT). We define the time t plunge as the instant in which there is the passage of the test particle at the location of the LCO. We recall that for a/M = 0.9, we have ELCO/µ = 0.84425 and LLCO/(µM ) = 2.09978. See text for further details.
are available for small values of the mass-ratio. We recall that a qualitative and quantitative comparison in the comparable mass regime of the HDS and the numericalrelativity waveforms has been recently performed in [15] finding an expected agreement between the two treatments. We thus proceed further here adopting the working hypothesis that the test particle treatment might be a good approximation of the real two-body system of comparable masses. First, we compute from the data available in the SXS catalog [14] the corresponding energy "deficit" ∆E/µ, for different mass-ratios µ/M . We do this following Eq. (20), namely we subtract off the value of ∆E ad , which depends only on the black hole spin, to the mass of the final Kerr black hole obtained in the simulation. Figure 11 shows the results for µ/M = 0.08-0.25. It can be seen that ∆E/µ obtained from the numericalrelativity data scales linearly with µ/M . It is quite surprising that these simulations follow exactly the same scaling of the energy radiated in gravitational waves in the case of a purely radial plunge of a test particle into a Schwarzschild black hole, i.e. ∆E/µ ∝ µ/M [28] (see also Sec. II), and not the one expected from the particle plunge derived either in [16] or in the present work.
VII. CONCLUSIONS
Two different cases of emission of gravitational waves in the strong-field limit from test particles falling into an already formed black hole have been considered. We have both reviewed the historical key contributions and our current results, compared and contrasted with the Energy "deficit" ∆E/µ estimated from the numerical-relativity simulations of the SXS catalog [14] . See text for details. It is surprising that it scales in the same way as the energy radiated in gravitational waves in the case of a purely radial plunge of a test particle into a Schwarzschild black hole, i.e. ∆E/µ ∝ µ/M [28] (see also Sec. II).
ones in the literature. The first case is the one of a particle starting from infinite distance and plunging either initially at rest or with finite amount of kinetic energy. This case leads necessarily to an emission of a burst of gravitational waves always composed of three different components, "a precursor, a main burst and a ringing tail ". The amplitude of the burst is a function of the angular momentum of the particle and of the black hole and the case of a Schwarzschild versus the Kerr black hole introduces only quantitative but not qualitative differences. The structures of the multipoles can be in principle used to determine the angular momentum both of the particle and of the black hole.
The second case of a particle starting from a finite radius in a circular orbit leads to a novel HDS leading finally to a smooth merging into the black hole. The difference between the Schwarzschild and the Kerr metric is specially manifest at the LCO and after when no radiation reaction is taken into account. When the radiation reaction is taken into account, as evidenced in Fig. 5 , the clear appearance of the HDS occurs with an increasing contribution of the radial momentum as the particle approaches the horizon (see Figs. 2 and 8 ). This phenomenon is further enhanced by the essentially different effective potential between the Schwarzschild and Kerr cases. The LCO in this context does not witness any special role and only assists to the passage of the plunging particle in view of the acquired radial momentum in its previous history. The final result is the one of a test particle smoothly merging in the Kerr black hole without any burst. We have compared and contrasted our treatment with the approximate one in Ref. [16] and found that in the latter a larger amount of gravitational radiation is emitted in the final transition to the plunge phase. We have shown the effect that such a difference may cause in the estimation of the mass of the final black hole formed in the merger of a binary black hole.
We have derived, within the HDS treatment, how the energy and the angular momentum radiated in gravitational waves scale with the mass-ratio µ/M . We have shown the difference of such scaling law with the results of Ref. [16] . Stimulated by the unexpected agreement of the HDS and numerical-relativity waveforms in the comparable mass regime recently found in [15] , we proceeded here to make a comparison of the energy radiated and its scaling with the mass-ratio in the test particle approximation with the one obtained in numericalrelativity simulations. To do this we use the SXS catalog simulations [14] in the mass-ratio range µ/M = 0.08-0.25. The results are shown in Fig. 11 . Surprisingly, we found that ∆E/µ in the numerical-relativity simulations scales linearly with µ/M , namely it follows exactly the same scaling of a purely radial plunge of a test particle into a Schwarzschild black hole [28] , but not the scaling predicted in [16] nor the one of the HDS treatment presented here for a particle inspiraling and plunging into a Kerr black hole.
Besides the theoretical interest, the above results are relevant in view of the large use, by the LIGO-Virgo Collaboration (see e.g. the case of GW150914 in [9] ), of waveforms based on the numerical-relativity simulations [14] and on the EOB formalism [17] which adopts a plunge phase following the treatment of Ref. [18] . Along these lines, it is also important to recall a most important recent result of an independent analysis of GW150914 that shows the incompatibility of the LIGO-Virgo data with the presence of such a burst, in clear contrast with the currently used waveform templates (see Figs. 5 and 10 in Ref. [19] and see also Refs. [20] [21] [22] ).
